Polynomials
1. Polynomial _ '
is an expression consisting of variables and real numbers . The exponents of the

variables must be whole numbers.

Ex. Circle the polynomials within the expressions below:
//A/r’\‘

1 o N T e T T S
—3xs4+x—7 \ 1.02x3* +x2 4254 ( (x=7)(x+3)"

2. Coefficient
is the number immediately preceding a variable in a term.

Ex. a) —4x%+ 7x, the coefficientsare __— Ai 77

b) x—x2- 3, the coefficients are __! s = f
3. Degree of a term

The sum of the exponents of the variables in the term.
’2‘ "”"7

1
LI

Ex: Ox*+3x2+7 gx-2 q xq v 3y? i,/\
l v
Degree= 4 2 O '
4. Degree of a polynomial.
Degree of a polynomial is determined by the term with the highest degree.
Ex: | 4110 — 6y’ +2y3 —
Degree = 10 Degree of this polynomial is |0 .
5. Constant term.

The term which has no variable.

Ex: a. 3x3+7x2—6  Constanttermis__~— 6
b. 7x° Constant term is O
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The least common multiple (LCM) of two or more numbers is the smallest number that can be
divided by each number.

Again, determine the prime factorization of each number. Determine the prime multiplicity for
each number; three 2’s, two 5’s, etc. The LCM will have at least one of all the primes, with the
quantity of each prime equal to the largest prime multiplicity (look at exponent) found in any of
the numbers. Example:

Find the LCM of 72 and 132.

72=2x2x2x3x3 Primesare2and3:

-three 2’s — @

-two 3's — @
132=2x2x3x11 Primesare?2,3and11: |

-two 2’s (2?)

-one3 (3%

-one 11 «— 11@

LCM will contain at least one of 2, 3, and 11. LCM will need to have: .
-three 2’s
-two 3’s
-onell

LCM =23x32x11 =792

Or — list the multiples of each number until the same multiple appears in all three lists (Method
1, page 137.) '



6. Classifying polynomials according to the degree of the polynomial.

Degree Name Examples
0 ' constant - 11 )
1 linear 7x+2
- 2 _ ... quadratic 22 =T7x+3
3 : cubic 5% +8x2—9x—6
Questions ' :
Number of Degree Name according” | Name according to
terms ‘| to # of terms | Degree
7m+2 - . . 4 o . A 7 4 &
£ . : o /E,A, AV 4 b\ Nofueal
5x3 + 21x* — X " -
454
3 0
6x3 — 7x% + 8x — 66 A _
&Ly :)

n +5n+6 3 .
7x 1 '




ADDING & SUBTRACTING POLYNOMIALS

A. To add polynomials, group like terms, then combine the terms by adding their coefficients.

e To add: (8x + 7) + (3x* + 2x —3)

(8x+7) + (3x* + 2x—3) @ Rernove the brackets. ¥
=8x+7+32+2x—-3 (@) Collect like terms.
=3x2+8x+2x+7-3 @ Combine like terms.
=3x2+10x + 4

B. To subtract polynomials, use the properties of integers.
Subtracting an integer is the same as adding the opposite integer.

So, to subtract a term, add the opposite term.
o To subtract: (3n% + 7n) — (2n*>—4n)

(3n%+ 7n) — (2n*—4n) Subtract each term.

=3n%+7n—(2n?) — (—4n) Multiply the -1 through the brackets!
=3n2+7n-2n*+4n Collect like terms.
=3n2-2n?>+7n+4n Combine like terms.

=n2+11n

Check Your Understanding

1. Add or subtract.

a) (6x +3) + (2x+5) b) (22+ 6x—5) + (—4x*—3x+7),
c) (5a—8)—(2a+3) d) (3a*—2a +6)— (—2a*+7a-9)
' e) (7 + 3d*—2d) + (8 —4d*+ 3d) f) (5 =9 + 2e?) — (2e*—9 + 5e)
g) (10v—5v2=2) + (3v—-7v*—1) h) (m —3m?=5)—(3m*+5-m)
Answers
1. a)8x+8 b) —2xqf+ 3x+2
c)3a-11 d) 5a°—9a + 15

e)l1-d*+d f)o

g)13v—12v*-3

h) -6m?+2m—10
Assignment:

Practice Adding & Subtracting Polynomials (MathAids)
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3.7 MULTIPLYING POLYNOMIALS

v A Multiplication Monomial by Monomial

Ex 1. (33)(23)=6x e 2. (4a?b¥)2ab) =~ a-b"
3: (8X3Y2)('%XY) =_L{ll%_3__ 4. (—x3y?)(2xy?)(—2xy) - A ;{‘jb}é’:

L

AT

T - ~§B Distributive Property - Monomial multiplied by a Binomial/Trinomial.

1. 3x3(2x— 7y + 2) : 2. 3(2x2—7) + x(2x + 5) — (8x* + 5x — 7)
2 P ] o
=6x° —21x*y +6x” .é’( AT Ex -G -5x + 7]

&= —( 4

3. 9—2(3x+5) 4. 4a(a+3)+2a(a—1)—a(2a+4)
q ~[px-l0 4a2eita + 265 -0n - 16*-1a
~ bl H4" +eo
5. 3x—2[3 + 4(2x + 6)] — [2 + 3(x + 1)] Complex Question! B () L]
2x-7 (3 FEx+ ;3;:9 e ,\: + 3%+ j;} Distribute the 4 and the 3. %
- ~ Distribute the —2 and the —. Iy
o A & I - < “7.‘.},%'" < .
3)(/“’ é; T..-If:)’i _ L{.C’ J =54 o] Clean up P



C. Multiplying Binomial x Binomial
Multiply (x+ y)(a+b)

Method 1 — Algebra Tiles

a) (x+3)(y+1)

Step 1 — Draw (x + 3) on the vertical axis and (y + 1) on the horizontal axis. -

Step 3 — Determine your final product.

Thereis 1 xy, 1x,3y's and 3 ones. So, the answeris xy+x+3y+3



¥

\

Method 2 — Area model

Step 1 — Create a square grid with (x + 3) on the vertical axis and (y + 1) on the horizontal axis.

y ‘ +1

o &

X
+3

Step 2 —Fill in the grid

y +1
X Xy X ¥
+3 3y _ 3

Step 3 — Determine your final product.

Thereis 1xy, 1%, 3y'sand a3. So, the answer is xy+x+3y+3

Write in the order of x, then xy, theny. (x+3)(y+1) =x+xy +3y+3

T BT =
Method 3 — FOIL (First, Outer, Inner, Last) Methrel H .
(v v 3"
(++3) (541 (¢ 3)
[ v+ T)
(x+3)(y+1) First xtimesy=xy LY
S
(x+3)(y+1) Outer x times 1=x
| S -
(x+3)(y+1) Inner 3 timesy =3y
s L
(x+3)(y+1) Last 3times1=3
S

You now collect your terms. DINR AR I .S N
Thereis 1 xy, 1%, 3y'sand a3. So, the answerlsx+xy+ 3y+3




Q 04 o
e A Multiply (x+ y)(x—y) Two binomials that "are the same" but different signs.

a) (2a-3b)(2a+3b)

FOIL (First, Outer, Inner, Last) LQ il % )
(2a-3b)(2a-+3b) (24 #55\
b -ab™

(2a—3b)(2a+3b) - ’Fir.st 2a fimes 2a= 4> L&ql‘ + A&LE - ba
| S a2
Bs=-90

(2a—3b) (2a+3b) Outer 2atimes 3b =6ab
S,

(2a—3b) (2a+3b) Inner —3b times 2a =—6ab
L 4

(2a—3b)(2a +3b) Last —3btimes 3b £ 95’ ener
<

S |

) et
ro Answer: L}a —-C”)
/

Rt |

= b) (x —3)(x +3)

When dealing with conjugates (that's what (x+y)(x—y) are called), you can save some time

by using the “shortcut”
(¥ _3)(X+3) (X - 3 o
Ty 4

\
| %
XZ. '\—3‘/\/375 "q /’ A i\wm\ﬁ,_,af((ﬁ?“_ 5}—"‘*—03

H
w“4-q

k,}v"

by esserseny /

c) (Sx3 +4y)(5x3 —4y)

, *
Q%xé—/éj



Multiply (x+ ) Squaring a binomial.
a) (2m+ Sn)2

Let's realize that (2m +5n)2 is no different than (2m+5n)(2m+5n) and we know how to

multiply two binomials

Qw5 (ameBnd

, (s
UmZ+ [0mn + 10+ A3n

U mEs 20mn + 230 7

But wait! Squaring a binomial (x+y)2 has a shortcut!
Let's try the previous question again.

a) (2m +5n)2 When you are squaring a binomial, here is the shortcut... square the first,

square the last, mul;ciply the two terms and double the coefficient. Easy, right?
‘ 2010

[ 2 N e )
L‘m + JUmn & gﬁ.f:,r;

0 ese] als) e (x-3)
o 49T ldced® s pad®
by “}\ﬁg{é
\\(\\;\{‘\" . \‘F Sa
p) \)Dbe “l"hlﬁ’ﬂ: ? S —
Applications
Find the area of the shaded region. ‘ 4x+6

A= ALarge—‘ASmall
N Y
(X6 HEx-45

P

‘.f‘\_ﬂ. i

Ny s e,
¥ TEVA v

3 >

i EA A, vy A
F) (\. A\ o i ,f.:" 's‘;\ PO R Y
el o o * 5
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Multiplication and simplifying of: Cio o

v" 1. Monomial x Polynomial
v' 2. Binomial x Binomial

3. Polynomial x Polynomial
Examples

1. (3x—2)(x2+5x—7) ~ Distribute the (3x—2) into the trinomial
The 3x multiplies into the trinomial and then the —2 multiplies into the trinomial.

=3x> +15x* —21x—2x*—10x+14
=3x>+13x* —31x+14

2. 4a(a+3)+2a(a—1)—a(2a ;1-4)

“
Upt , i 2 f\ Fion &
(7&1 FHLO 4 o~ da =LA <

AP S
¢ 5t ame EEFEE +
3. (2x—1)(x+3)—[x—4a)x-5)] °F
- rf'j‘..?wx\«—_j\"f ¢ Z 5}2\*4293
- =i A k A= i
- 2xlt e Sx=3ox% g Gy - 20
; ’ )
4. (x+3)(x+2)(x—1)
. | 5
O xt+ x-2)
2 . G ,1’ o 3
X7 b-20+ 34° ¢ 3y 4
”(g»’fﬁq’““:f“ ¥ - b
\ | Lpaett <« brakd
2 Ny
5 —(x—3)l—(x+5)(x—521;i

- (X 2 {f) Y ok &2 - f W .. > Keep the negative out of the squaring of (x—3)
il "ol - and out of FOILing (x+5)(x=5)

=¥y T A T e Distribute the -1 into the brackets.
- el i, Collect like terms.
e } s YooY ¥ %ij

11



6. (3 2t)2+5(2t—1)(2t + 1)
(ofut+qk >*51 *-D
& -5

o, i = F E
det-19 + 3" +l2a+ 1%
% pida -4
o4 144 7
3
8. (Bx-4y)
o/ a
L s 3
5\’.— Em‘j qe"f‘ “:i“‘ﬁ\g»’ ¥ ley® )
b, _:; J < o
7 - 3 mMAa L2 AQeuc. RL* & 2
2747 = 1ARTY FAEXY - Sei Y rt{d‘gz‘wwﬂéuﬂg
L " s ~d (@ &
R I o 3 i g
A7x2 - 0Bxy F Y bhyy® —byy -~
o NoF S

~

9. (2x+3y-z)(x-2y+4z)

Here we have a trinomial times a trinomial.
We can look at it in a couple of ways.

Area Model

X -2y 4z
2X 2x2 —4xy 8xz
3y 3xy -6y* 12yz
-z —Xz 2yz —47?

Collect like terms = 2x> —xy + Txz —6y* +14yz — 47

Distributive Property

Distribute the 2x, 3y and the —z into the trinomial (x—2y+4z)
Y "‘L> K2y + 4z

12



3.3 Common Factors of a Polynomial

Recall what a GCF is from section 3.1 When we remove/pull out a GCF, we are DIVIDING EACH
term by the GCF

When dealing with polynomials, always look to see if there is a GCF for the polynomial.

A. FactorusmgGCF Note: Always Iook for GCF! AIways|

1 5x +10x 2 x3+7x —3x ) 3 8a2b+1632b2+32a2bc
\ - 2
= 5x(+2) Rt Te-3) 8a% (v 2b* LHQQ
4. x(a+b)+7(a+b) 5. 7a(x 1)+ 2(x—1)
. N o b)Y \"?owg,
(¥ t7 ) o+b) Q( ( !
6. 3x2(y+5)+2x( 5) 7. 3x(5—x) —9(5 —x) + 8y(5 —x)
j’ =~ \A.
3* 3‘ r2) (Bx-4+8y)(2->)
N - ’

B. Division of Monomial by Monomial

2
Ex 1 22X =5 2 25 -y
10x 2% '
3x’y")(5 3 = -
3 20x2 _ - - =Yy y* 4. L_Bllﬁ)= 153u® o -5x%y*
B - By T .

13
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C. Division of Polynomial by Monomial

Rule: Take EACH term in the numerator (top) and divide |t by the term in the denominator.
2 ’I—L\.l | & W -
;:’E L AT 8t S - {;— + 2_'
4t - 45 sz - et

’ 2 S TV 2 - N.z;_,‘_M,M
IOm +5m +15m _ | \v,g m< b m e % E oL -
; i ‘:‘ ;%\ﬂ}

2. T i ,. ;

Lh

3 6r* =3 +9r> | Jr” - :f“ + 5
: 31_2 - s SPP— ,v"/

g 8XCHI6x+24 | X 2, A

8 e et o

,/7 pd £
A’%’I{”“" 155 &-10aec” GO

14



3.5 Trinomial Factorization (ax” + bx +c ), a=1
Recall: (x+4)(x+3)=x2+7x+12

— The middle term’s coefficient is the sum of the last termg of each binomial.
— The end term is the product of the last terms of each binomial.

Ex: 1) X%+ 8x + 16
: =(x+4)(x+4) -  Perfectsquare!
= (x+4)

¢ 2) x> +5x+6 Find two binomials that are factors of this
53] = (x + ?) (x + ?) trinomial. The ? must be replaced by

il numbers that are factors of 6 and ALSO
addupto 6. Try2and 3.

7
o
+
W
(““v‘\
S

4
s,

Watch for exponent on the x.
Watch the signs.

4) g X FeLAm~C
[y +77(X-4 )
. :f' ) \X' S
e - v
A
- ot
P e s o /] " N rﬂ) \!
5 2 gonge21y S0 rrg  (x " -10¢ ¥ 2
— + R o = oy
) X xy + 21y (x= TYx-3)
7 ___/ N, - -
[ - fve W o — Sy
(% y 5= 3y)
"Tr
" v
6) X T
~ b u-" (%‘ j
f8 s ‘"
(5 - 0! 2 )
s % e




GCF 7) 2X% + 10x 28 21
;(x Lsx-l4) 2

; k\+ i }b@‘:?'}
- . o (,{ %5‘»\' f‘*_\f‘x,}

o 0 -2.Z
GCF 8) — 2X%y —8xy4
\ k‘e( - ;x\m

ol W) X+ 2
[ x (¥ f

P { 2 e hY F} i
;‘A,; Y ;‘r\ R o 1
£ a5 e
v [ iy
& g‘ v P ]
- \“Z
\.( 3 e ) “:
= AT AN
- <=

Remember:

1. Both terms positive (middle and last), then both parts are positive.
X2+ 12x + 32 = (x +8)(x + 4)

2. Last term positive, middle term negative, then both parts are negative.
x2—12x +32 = (x—8)(x—4)

3. Last term is negative, then one part is negative and the other is positive.
X2 —4x —32=(x—8)(x+4)
X2 + 4x — 32 = (x + 8)(x — 4)

4. The middle term contains the variables that are found in the first and last terms. The
exponents are half of what they are in the first and last terms.

16
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3.6 Factoring trinomials (ax*> + bx+c,a# 1)

There are different methods to factoring these types of trinomials.
Remember to look for a GCF.EVERY time...it"s the first thing you should do.

- x B H
et A e MM etrieds
Note that there are polynomlals that are not factorable. U Ae  (lecomypest Fon A Hed

i/ i
I"’\ L,«“i"{“ 5)4‘,’;«,. 23-
+ Ax15=30 . e
R 1 2)/( 13X 15 F /{' FfL ‘l 5O 30 _ ZX-— _‘, {% :){ T f».é » .
N SR dAeh 2L L A5 B C'D (} . S x+ o +. 3
XY ;!@;55’/* S het qive pn 13 7P 0,3 | 2% =o' g“l \,; |
N :& Z{ X 5} l/""‘f’v = Terrm i - ' ' -
f} A7 ik q—m*‘ L2 - - AN Y
L Wi %A £ = A =t
- ¥ T i k;)“)é -%} ,j‘ t‘2\“‘:3/}
VoS j‘\ L4 0}
LSk 4l £ 3
2. 5x2+16x+3  5x3-=15 T & | t #1
; e . ol - . - -
S5x” \'5xf+ x + 3 )] \\ e ¥ . -
\ .
A 1 7 5 = =
1<>'(><+‘)*’( v3) BEIXDIERED,
%\ SR )L Xf#) 1‘
A —
- » [ 12 xT-l6x” +2
3. 12X4—' 16X2+5 (Tg L “ b xi‘fﬂﬂ “‘ 5”_"‘}”—— 1o
l.s)\il‘.l, Q)X / )O){L‘)’g | -ﬂ-'1§‘42 J— | 24

(ox (2" -D -5 (2471

4. 8x® +10xy -3y
L,’ L\'M " 3 g 3 é
7 o™ o \7 -4

s ~ i 5

| ] o ! '
i ! ‘ \
TR,
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7. 6m2+ 13m —5

5. 10x2 — 44xy — 30y?
25 /QQ%j

7
1ol
A |

6. 2x*+ 11x +12
S 3 +3

U S

(2x+5§(>‘ *4>

- ! -

G e
2me ¥ S

m =1 2+ 5)

UJ

1

/s'u )
«:;‘T Sz

2
5

8. 4x2—5xy—6y> 24 ¢ 3

J
9. 6x2—5x—4
Sx - 4 "0
2. b 4 [ J”B

18



3.8 Factoring Special Trinomials

I. Factoring a difference of squares. Let's go back to (3x+2y)(3x—2y). If we remember,
multiplying conjugates was quite simple. Factoring these binomials i5 quite simple as well.
(x+)(x-y)= (x2 —y2) " There are three things to notice about the answer:

1. The answer is a binomial.
2. The answer has subtraction.

3. Both terms are perfect squéres.

Remember, if you notice the three things mentioned above, you have what's called A
Difference of Squares.

Let's Factor

Ex: 1. x*—16 2. x> —25y? 3. 49x> - 64

~ +Su )
= (x—4)(x+4) (2= Bylea5y)

~

£

7N ) s R N
Eachanswerhas _ 0  (—) &gl & f N

x*—81 \
(x?% @(XZ' &D §
(x*vay(x - 3x+3)

4.

5 x¥*-y  (GCF)

{2 %_
Y\\""a&‘h‘g ‘)
o

f’ -
v Ay DSV

6. 3y6—12d2
”Ji ug B T
3
- F . ! ‘%'\\
A M v
7. x*-16
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Il. Factoring Perfect squares.

Recall that (a+3)?=a?+6a+9
We learned that we could FOIL the binomial, or we could square the first term, square the last
term multiply the two terms and double the product.

Thus, in general (a+b) =a*+2ab +b2

So, when we have a trinomial of the form a® +2ab + 5> , itis called a Perfect Square Trinomial

and can easily be factored back to a single binomial squared.

Ex: 1.

2.

7(45124 4@+/>
7(2a 1)

a’+8a+16 = (a+4)
9a?+ 120a + 400 = (3a+20)2
81a% —72ab®+ 16b® = (9a-— 4b3)?

Notice in the first three questions how the first and last terms were perfect
squares. That's a requirement for Perfect Square Trinomials.

2842 + 28a + 7 GCF? el
° N @4 @/}(Zg%/),
Uptsdat Do vl

15ax? + 90ax + 135a

756;()( 6)«4— 9)
}SC‘ i -r:;/)

1-12a+36a This question can be left as is and factored or rearranged in

descending order of x, then factored.

Option 1 - Leave as is. Ogtion 2 - Rewrite
1-12a+364* 36a® —12a+1
=(1-6a)’ = (6a-1)’

)Q These two answers appear different yet they are the same. One answer is negative while the

other answer is positive. Think aboutit, /36 =6 and —6. Thus, if your answer is squared,

then the number being squared could be positive or negative.

20



Creating Factorable Trinomials.

We know that when we factor ax? + bx +c¢, if a = 1 then we need two numbers that multiply to
cand add up to b.

x2+11x+30=(x+5)(x+6)‘ 5times 6 =30 and 5+6 =11
Question: Fill in the box to create factorable trinomials.
a. x*+0x+6 We need two numbers that multiply to 6. (1&6) or (2&3)

If we use 1&6, then our answer is x> +7x+6
If we use 2&3, then our answer is x* +5x+6

But wait! Doesn't —1x—6=6? Or —2x-3=67? Yes! So... we also have....

If we use -1&-6, then our answer is x*> —7x+6
If we use -2&-3, then our answer is x* —5x+6

Final Answer could be, 7 or 5 or -7 or -5. Any of the four will make the trinomial factorable.

b. x> +Ox-14 We need two numbers that multiply to 6. (1&-14) or (-1&14) or
(2,-7) or (-2&7)

If we use 1&-14, then our answer is x> —13x—14
If we use -1&14, then our answer is x* +13x—14
If we use 2&-7, then our answer is x* —5x—14

If we use -2&7, then our answer is x* +5x—14

Final Answer could be, 13 or 5 or -13 or -5. Any of the four will make the trinomial factorable.

C. x> +4x+0 Now we need two numbers that add to 4.
(1+3)(2+2)(—1+5)(—2+6)... There are an infinite number!

So choose a pair. Let'stry 1 and 3.

(x+1)(x+3)=x"+4x+3
Or we could try —1 and 5.
(x—l)(x+,5) =x>+4x+4

So choose a pair of numbers that add to 4 and FOIL away!

21



d. x*=5x+0 Now we need two numbers that add to —5.
Again, infinite possibilities.

Let's try =8 and 3.
(x—8)(x+3)=x"—5x—24 -~

Some Tricky Factorization
Factor the following:

L. x*—81 A difference of squares question.
=(JC2 +9)(x2 —9) The (x2 —9) can be factored again!
=(x2 +9)(x—3)(x+3) Rule = factor until you can factor no more.

2. xt—x?-12 Need two numbers that multiply to =12 and add to —1
=(x2 —4)(x2 +3) First binomial is a difference of squares.

=(x—2)(x+2)(x* +3)
3. x* —120x" ~121 Need two numbers that multiply to —12 and add to -1

=(x2 +1)(x2 “121) Second binomial is a difference of squares.

=(x* +1)(x—11)(x+11)

AsSigriment
Page 147 #7, 8 Square and Cube Roots
Page 187 #20a Volume of Cube )
Page 156 #17 ~ Neat Factoring Question
Page 167 #19, 20 Determining b and c values to make trinomials factorable
Page 195#20  Two step factorization

22



Practicing all types of Factoring.‘

YouTube video of what to look for when facAtorin'g'.

http://www.youtu be.com/watch?v=KDoHYS4dX1s

I. All types of factoring.

Ex: 1. x2—7x—18
=(x-9)(x+2)
3. 2x*—-8
=2(x* —4)

=2(x-2)(x+2)

5. x(m—=2) —4(m —2)

=(m-2)(x—4)

7. 2> +7y—4

=Q2y-D(ry+4)

2. 6m2+ 19mn + 10n?

=(Bm+2n)(2m+5n)

4. x3 —4x* + 4x

=x(x* —4x+4)
=x(x—2) .

6. 3ab —9ab2+6a%b

23

=3ab(1-3b+ Za)

8. x'-Txy+12y*

:(x2 —4y2)(x2 _3y2)
=(x—2y)(x+2y)(x2—3y2)



